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Abstract

Muscle regeneration relies on the coordinated activation of muscle stem cells, whose fate decisions are regulated
by intracellular gene expression dynamics and intercellular coupling via the Notch-DII1 signaling pathway. Central
components of this regulatory network include the transcriptional repressor Hesl, its target gene DII1, and the
myogenic regulator MyoD. Experimental and theoretical studies have shown that proliferating muscle stem cells
exhibit oscillatory dynamics of these molecules, whereas sustained expression is associated with differentiation.
Here, we investigate the dynamics of a previously established delay differential equation model of two coupled
muscle stem cells. Using linear stability analysis, we systematically characterize how model parameters affect the
transition between stable and unstable steady states. In addition, numerical bifurcation analysis is employed to
study the influence of intercellular coupling strength and delay on the system dynamics. Our analysis shows that
continuous variation of the coupling delay induces repetitive changes in the stability of the steady state. However,
this sensitivity towards the coupling delay is confined to a narrow region of parameter space and therefore requires
a fine tuning of all other parameters. Beside the identification of parameter sets for in-phase and out-of-phase
oscillations, we demonstrate the possibility of coexisting stable in-phase and out-of-phase oscillations, a dynamical
feature that has not been reported previously. While oscillation periods are largely determined by intracellular
regulatory mechanisms, oscillation amplitudes can be strongly modulated by intercellular coupling. These results
provide new insight into how the intracellular network and intercellular communication interact to generate different
collective dynamics.
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1 Introduction

Mammalian skeletal muscles retain the ability for growth and regeneration throughout life. Muscle regeneration
is essential for repair following injury, and impairments in this process occur in genetic diseases, e.g. Duchenne
muscular dystrophy, (Guiraud et al. [2019; Ganassi et al. [2022; Deprez et al. |2023) and aging (Blau et al. 2015).
Muscle regeneration requires muscle stem cells, which reside as so-called satellite cells between the basal lamina
and sarcolemma of myofibers (Musaro 2014). In response to injury, these quiescent cells become activated and
proliferate as myoblasts until they differentiate into myocytes to finally fuse and form myofibers (Musard [2014]).

This complex process is tightly regulated by a network of molecular signaling pathways (Musaro [2014) that is
also involved in cell fate decisions in other tissues, such as neural stem cells or presomitic mesoderm (Kageyama
et al. 2026). Importantly, these regulatory networks often operate through changes in the temporal dynamics of
key signaling molecules (Lahmann et al. 2021; Kageyama et al.|[2023; Kageyama et al. 2026). Among the signaling
pathways involved, the Notch signaling pathway facilitates direct cell-to-cell communication through the coupling
of neighboring cells. Notch signaling is activated when the Delta like 1 (DI11) ligand presented by a signal-sending
cell binds to a Notch receptor on an adjacent signal-receiving cell, thereby inducing the expression of transcription
factors of the Hes family (Artavanis-Tsakonas et al.|1999; Mumm et al. [2000; Iso et al. [2003} Bray [2006)).

Members of the Hes protein family have been found to be key regulators in embryogenesis (Kageyama et al.
2007)), e.g. in neurogenesis (Hu et al.|2022) or in hematopoietic stem cell development (Guiu et al. |2013)). Common
to most of the Hes proteins, such as Hes1, Hesb and Hes7, is the repressing function on their target genes including
their own genes (Kobayashi et al.[2014). The autoinhibition creates a delayed negative feedback which can give rise
to oscillatory expression of Hes proteins (Kobayashi et al. [2014)). In mice, the expression of Hes proteins oscillates
with a period of approximately 2-3 hours, as observed for Hesl in cultured cells (Hirata et al.|2002)) and in muscle
stem cells (Lahmann et al. 2019), for Hes5 in neural progenitors (Manning et al.|2019)) and for Hes7 in presomitic
mesoderm (Bessho et al. [2001)).

Hesl also directly inhibits the transcription of DII1 (Kobayashi et al.|2009), resulting in an intercellular feedback
loop between Hesl molecules in adjacent cells, as DIl1 activates Notch signaling in these cells. This intercellular
feedback via DII1 can lead to a phase locking between the Hes oscillations of neighboring cells. Hesl-controlled
D111 protein expression has been observed to oscillate out-of-phase in coupled muscle stem cells (Zhang et al. [2021))
and neural progenitors (Shimojo et al. [2016)). In contrast, in the presomitic mesoderm, DIl1 and Hes7 expression
oscillates in-phase in neighboring cells (Bessho et al. 2001; Shimojo et al. 2016)).

In muscle stem cells, Hesl protein also represses the transcription of MyoD, which encodes a skeletal muscle-
specific transcription factor that is essential for the differentiation of these cells (Lahmann et al. [2019)). It has been
shown that an oscillatory dynamics of MyoD is associated with an undifferentiated, proliferating state, required for
the maintenance of muscle stem cells, whereas sustained MyoD protein expression is associated with differentiating
cells (Lahmann et al. [2019; Lahmann et al. [2021)).

Since oscillatory gene expression emerges from regulatory interactions and is modulated by cell-cell coupling,
mathematical models have become an important tool for investigating the mechanisms governing Hes dynamics
in different cell types. A first ordinary differential equation (ODE) model captured the delayed negative feedback
regulation of Hesl and demonstrated its ability to generate sustained oscillations (Hirata et al.[2002). Other studies
used delay differential equations (DDEs) to describe the characteristic transcriptional and translational delays
underlying the Hesl protein oscillation (Jensen et al.|2003; Monk 2003). Models including detailed consideration of
the Hesl regulatory network were used to study the regulation of oscillation amplitudes (Momiji et al.|2008]). For
muscle stem cells, a model representing the core negative feedback of Hesl (Hirata et al. |2002)) was extended by
the myogenic regulator MyoD (Lahmann et al. [2019) and DII1 (Zhang et al.|2021). To investigate the intercellular
communication via the DII1-Notch signaling pathway and its impact on Hes dynamics, models of two and more
cells have been formulated (Lewis [2003; Momiji et al. 2009; Shimojo et al. |2016; Yoshioka-Kobayashi et al. [2020;
Zhang et al. [2021; Giri et al. 2021} Biga et al. |2021; Hawley et al. 2022; Stevens et al. 2026|). The Notch signaling
pathway includes several processes such as receptor-ligand interactions, cleavage of the Notch intracellular domain
and its passage to the nucleus, which define the strength and the delay of the intercellular coupling. Variation of
the coupling delay can change the phase relation of oscillations and can induce oscillation death (Momiji et al.[2009;
Shimojo et al. 2016; Yoshioka-Kobayashi et al. 2020; Zhang et al. |2021; Kageyama et al. 2023; Kageyama et al.
2026). However, for a given coupling delay, either in-phase or out-of-phase oscillations were found (Shimojo et al.
2016; Yoshioka-Kobayashi et al. [2020; Zhang et al. 2021; Kageyama et al. [2023).

Here, we revisit the two muscle stem cell model proposed by Zhang et al. (Zhang et al. 2021) to systematically
investigate the impact of all model processes on the system dynamics. In a stability analysis, we characterized the
influence of all model parameters on the transition between stable and unstable steady states.

We further employ bifurcation analysis to investigate the impact of the intercellular coupling on the dynamics.
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By varying coupling strength and delay, we could identify, in contrast to previous studies, parameter regimes in
which in-phase and out-of-phase periodic orbits coexist. Furthermore, we show that while the oscillation period is
largely determined by intracellular regulatory processes, the amplitudes of the oscillations can be modulated by the
characteristics of intercellular coupling.

1.1 The two-coupled-cell model

This study focuses on a published model for the dynamics of the Hes1-DIl1 gene regulatory network in two
mouse muscle stem cells coupled via DII1-Notch signaling (Zhang et al.|2021)). The qualitative model, schematically
shown in Figure[Th, represents the simplified signaling network. It describes the dynamics of Hesl and DII1 protein
concentrations in both cells, denoted by H; and Hs for Hesl and D; and Dy for DII1, respectively (Egs. [1H4).
The model includes the autoinhibition of Hesl protein (Heslp), the intracellular inhibition of D11 protein (Dll1p)
expression by Heslp, as well as the intercellular activation of Heslp expression by DIll1p. Through the negative
regulation of DIl1p expression by Heslp and the positive regulation of DIl1p on Heslp in the neighboring cell, a
double negative regulation loop, i.e. positive feedback loop, is formed. In this model, processes including multiple
subsequent events such as transcription, translation and transportation are lumped into combined reactions with
increased time requirement incorporated by time delays (7). Here, 71 and 71 represent the time required for Heslp
to affect the concentrations of Heslp and DIl1p in the same cell, respectively, while 755 represents the time required
for Dll1p to affect the Heslp concentration in the neighboring cell. In particular, 751 captures the transcriptional
delay of DIl1p expression, and 71 and 799 include the transcriptional delay of Heslp expression. Since the sum of
791 and 7o represents the overall delay between Heslp or Dlllp in the two coupled cells, we will refer to it as total
coupling delay’ in the following.

The degradation of both Heslp and Dlllp is described by first-order kinetics with rate coefficients k3 and kg,
respectively, whose values are based on experimental data (Hirata et al. 2002} Shimojo et al.[2016). The production
of Heslp is induced by the DIl1p concentration of the neighboring cell delayed by 795 with the scaling rate coefficient
k— and the rate constant ky. The production is inhibited by Heslp in the same cell delayed by 7. The synthesis
of Dll1p occurs constitutively with rate constant k4 and is inhibited by Heslp with the delay ;. The strength of
the inhibition by Heslp on itself and DIl1p is modulated by the parameters ko and ks, respectively, which refer to
the delayed concentrations of Heslp, for which the inhibition effect is half maximal. In this form, two, independent
Hesl DNA-bindings are considered at the two regulatory mechanisms of Heslp.

In the following we consider the model of two identical cells, i.e. both cells are described by the same model
structure and the same parameter set.

An exemplary model simulation with reference parameter values (Supplementary Table [1]) is shown in Figure
[[p. Under this condition, H and D in both cells exhibit an oscillatory dynamics with a period of around 2 hours
and an out-of-phase relation between the two coupled cells (see details of simulations in Section . It reproduces
the experimental observation for activated, proliferative wild-type muscle stem cells very well (Zhang et al. 2021)).
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2 Results

2.1 Changing the delay parameters 75; and 75, leads to repetitive stability changes

As oscillatory and sustained expression of the key transcription factor Hesl is associated with proliferation
and differentiation of muscle stem cells, respectively, we wanted to identify conditions of oscillatory and sustained
dynamics based on our mathematical representation of the system. Therefore, we calculated the steady states with
respect to the parameter set and determined their local stability based on the eigenvalues of the characteristic
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Fig. 1 Description of the two-coupled-cell model by Zhang et al. (Zhang et al. [2021)). (a) Model scheme
showing the regulation of protein concentrations of Hesl (H) and DII1 (D) in the two cells (cell 1 shown in dark
green, cell 2 in light green). Production of both proteins is inhibited by Heslp within the cell. DIllp activates
production of Heslp in the neighboring cell. The inhibitory regulations are characterized by the delays 7 and 791,
the activation by delay 7a2. Processes are shown including the relevant rate constants (k1, ..., k7) and delays. (b)
Out-of-phase oscillations at reference parameter set, parameter values are given in Supplementary Table

equation of the linearized system at those steady states, using toolbox DDE-BIFTOOL (Engelborghs et al. 2001;
Sieber et al. |2014) (see details in Section . The parameters kq, ..., k7 were varied between fold change (FC) of
0.1 and 4.0 w.r.t. the reference parameter set, while the delays 7y, 791, 702 were varied between 0 h and 20 h.

In the DDE model, the steady states are, by definition, independent of the value of any time delay parameter,
so their values can only depend on the parameters ki, ..., k7. The steady states were numerically estimated for
the reference parameter set and individual variations of the parameters ki, ..., k7. For the reference parameter
set, a steady state with real values was identified, where both cells have the same equilibrium and by varying any
parameter ki, ..., k7 individually, the steady state concentrations gradually change. The steady state values of H
and D for the different parameter sets are shown in Supplementary Figure [} Here, alterations of the two basal
production rate constants ki and k4, have a similar effect on the steady state concentration of H. Also, alterations
of the two degradation rate coefficients k3, kg as well as coupling-related parameter k7, impact the steady state
concentration of H equally. Comparing the impact of the parameters on the steady state of H and D, those
parameters that describe the Hesl-related mechanisms (ki, ks, k3, k7) have different effects from those involved in
the Dll1-related mechanisms (kq4, k5, kg). Changing any of the Dll1-related parameters, the steady state of the two
protein concentrations changes in a similar direction. By contrast, the Hesl-related parameters have the opposite
effect on the steady state of D than on the steady state of H: at increased Hesl parameter, the steady state of
either D or H is increased while the other is decreased.

For the identified steady states, their stability with respect to the parameter set has been assessed. In contrast
to the steady state itself, its stability is not independent of the time delays, therefore also the impact of the
delay parameters on the stability had to be considered. The stability of a steady state was determined based on
its eigenvalues of the linearized system at this steady state. If there are no eigenvalues with positive real part,
the steady state is stable, if there exists at least one, the steady state is unstable. Since for DDEs the number
of eigenvalues is infinite, only the eigenvalues with the highest real part are shown for all individual parameter
modifications in Figure The delays are shown in absolute values, while changes in all other parameters are
represented as fold changes w.r.t. to the reference set (Supplementary Table . The parameters can be divided
into four groups (a)-(d) based on the pattern of their impact on the eigenvalues in the studied parameter range
(1%¢ column, Figure . For groups (a) and (b), a stable and an unstable steady-state region were identified. The
first group (a) comprises the parameters k1, k4 and 71, for which the stable steady state changes to the unstable
steady state when the parameter is increased. The direction of the change is reversed for the second group (b),
comprising parameters k2, kg and k7. For parameters ks and ks, which form the third group (c), there are stable
steady-state regions for high and low parameter values and an unstable steady-state region in between. In the
fourth group (d), encompassing parameters 751 and 7a3, the real parts of eigenvalues successively change their sign
for increasing parameters, leading to repetitive changes between stable and unstable steady states. Comparing the
effect of the different parameters on the steady state stability, we conclude that the parameters k; and k7 have
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inverse impacts, as their product is invariant. The two basal production rate coefficients k; and k4 have similar
impacts, i.e. leading to stable steady state at lower coefficients and unstable steady state at higher ones. Comparing
the two degradation rate coefficients k3 and kg with each other or the delay 71 with 751 or 799, their impacts on the
stability are qualitatively different.

Based on the observation that individual changes in 751 and 799 in the reference parameter set lead to char-
acteristic repetitive stability changes, we explored the questions how general this observation is and how other
parameters impact this stability relation.

2.2 Impact of the total coupling delay on the steady state stability

To compare the effect of parameters 757 and 792 on steady state stability, both parameters were varied indepen-
dently in the range from 0 to 6 h (Figure . The analysis shows that the steady state stability depends on the value
of both parameters equally, as indicated by a diagonal symmetry in the 751 - 702 parameter space, i.e. changes of
To2 can be compensated by changes of 751 of the same magnitude. While this observation is based on the numerical
estimation of the eigenvalues of the characteristic equation of the linearized system at the found steady state and
fixed parameters k1, ..., k7, 71, it can be generalized by an analytical calculation of the characteristic equation of
the linearized system (see details in Section . The two delay parameters 751 and To2 can be replaced by their
sum, 791 + To2, so that the eigenvalues of the characteristic equation only depend on the sum of the two delays as a
single parameter. This sum or total coupling delay corresponds to the time required for Heslp or Dlllp in one cell
to react on the change of Heslp or Dlllp in the neighboring cell.

Having identified a repetitive change in the steady state stability for a constantly increasing or decreasing total
coupling delay, we investigated the contribution of the other kinetic parameters on this stability pattern. To this

end, we investigated combinations of the total coupling delay and one of the other parameters kq, ..., k7 or 71.
For each parameter combination, the stability of the steady state was determined and plotted in stability maps
(Figure [4)).

The stability pattern along the horizontal lines at FC = 1 for parameters ky, ..., k7 and at 74 = 0.725 h

corresponds to the effect of varying the total coupling delay (721 + T22) while keeping all other parameters at their
reference values. Therefore, it shows the repetitive change in the stability described above. Vertical changes at the
reference value of the total coupling delay, 721 + 722 = 1.65 h, correspond to parameter changes in Figure [2p-c.
Increasing the parameters ki, k4, or 71 lead to an unstable steady state (Figuredh), whilst increasing the parameters
ks, kg, or k7 lead to a stable steady state (Figure ) Subﬁgures and b show that these trends remain consistent
over a broad range of the total coupling delay. In addition, these subfigures reveal that over a wide parameter range
of ki, kg, 11, k2, k¢ and k7, the stability of the steady state is independent of the total coupling delay and there
are only small regions in which the total coupling delay impacts the stability of the steady state. In contrast to the
afore mentioned parameters, k3, the degradation constant of Heslp, shows three distinct stability regions, in the
investigated parameter range. Increasing k3 from 0 first leads to a stability transition at around 1 FC from stable
to unstable. However, when increasing ks even further to values > 3.5 FC, the stability of the steady state switches
back to stable. Note that, in the vicinity of both transition-points of ks, changes in the total coupling delay will
lead to the described repetitive switching from stable to unstable to stable (Figure [ left).

The stability pattern shows the most differences for the parameter k5. Here, a repetitive change in stability for
To1 + Too variation occurs in a wider range of k5. Noteworthy, for low values of the total coupling delay, distinctive
islands with unstable steady states emerge in the ks —(taug + tauas) - plane. While at the islands of the unstable
steady states, oscillatory dynamics can occur (Supplementary Figure 7 left and right column), stable steady-state
regions are characterized by sustained dynamics independent of the k5 in FC (see Supplementary Figure [3] middle
column). See also Supplementary Figure [2] for the real parts of the eigenvalues for ks-FC-variation. At higher FC
values of k5, only stable steady states occur (exemplary simulation shown in Supplementary Figure [3| (upper line)),
whereas combinations of low FC values of k5 and higher total coupling delay, the islands vanishes and a connected
region with unstable steady state emerges.

These analyses demonstrate that the total coupling delay can alter the stability of the steady state only within
certain narrow ranges of all other kinetic parameters. A quantification of these individual ranges for all parameters
at the reference parameter set is given at Supplementary Table[2 again demonstrating that this total coupling delay
sensitive range is bigger for ks than for kq, ko, k3, k4, ke, k7 w.r.t. to their fold changes. This narrow parameter
range that defines the total coupling delay sensitive region, implies that a fine tuning of the kinetic parameters is
required to allow for an impact of the coupling delay on the qualitative system dynamics. The reference parameter
set is positioned in the region, where changes in delay parameters 757 and 799 can change the dynamics, which is
highly relevant for the prediction of mutant behavior.
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Fig. 2 Parameter variation causes distinct patterns of eigenvalues with highest real. Increase in param-
eter values lead to different pattern of the real parts of the eigenvalues, which can cross the zero line (shown in red),
and therefore stability changes (a) from stable to unstable, (b) from unstable to stable, (¢) from stable to unstable
and then back to stable, or (d) repetitively between unstable and stable. Common trends of the eigenvalues with
highest real part for each group of parameters is visualized in first column. ki, ..., k7 were varied from 0.1 FC to
4.0 FC w.r.t the corresponding reference values, while 71, 721, Too were varied between 0 and 20 h. Only eigenvalues
with the highest real parts are shown.
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Fig. 3 Stability of the steady state is invariant to changes in delays 797 and 722 that preserve their
sum. Shown are stable and unstable steady state regions for varying delays 751 and 792 in range from 0 to 6 h.
Point of reference parameter values (127 = 0.35 h, 799 = 1.3 h) is marked by a star.

2.3 The effect of a DII1 transcriptional delay on the dynamics depends on the actual
setting of the system

The network dynamics in cells with mutations resulting in prolonged DII1 transcriptional delay has been inves-
tigated (Shimojo et al. [2016; Yoshioka-Kobayashi et al. |2020; Zhang et al.|2021). Experiments and simulations for
muscle stem cells showed that a 0.1-hour prolongation of the transcriptional delay of DII1 (7;) shifts the dynamics
from oscillations to sustained expression (Zhang et al. 2021)), see Figure lower left and right. In another mutant
scenario, the effect of the prolongation of the Hesl transcriptional delay (impacting 7 and 795 here) by around
0.1 h was studied (Ochi et al. 2020) and they experimentally and computationally observed a slightly prolonged
oscillations period of Heslp. We here use the two-coupled-cell model to predict the effect of a combined mutation, i.
e. prolonged 7y, 792 and 721. The time required for Heslp expression is included in the delay of Hesl autoinhibition
described by parameter 71 as well as in the delay of Hesl activation by DIl1p described by parameter o9, therefore
both of these parameters were increased simultaneously to simulate mutant cells with prolonged Hesl transcrip-
tional delay (see details of simulations in Section [4.1)). The simulations show that a simultaneous increase in 71 and
Tag by 0.1 h leads to oscillations here with higher amplitude of H and slightly increased period (Figure |5} lower left
and upper left). A combination of this mutational effect with an alteration increasing the D11 transcriptional delay
(121) by 0.1 h predicts that in this combined mutational case the cells do not go to stable steady state but keep
oscillating (Figure [5] upper right). However, this prediction of a conditions specific effect of a 791-increase remains
to be experimentally tested.

2.4 Intercellular coupling strength and delay strongly impact the phase difference
and Hesl amplitude of periodic orbits

Our detailed analysis allows to investigate the impact of the intercellular coupling on the cellular Hesl dynamics.
Specifically, we focus on the effect of changes in intercellular coupling parameters: the delay 752 and the parameter
k7 that is inversely proportional to the coupling strength.

Linear stability analysis provides only a local information on the system dynamics in the vicinity of the steady
state. Therefore, it remained unanswered what dynamics would be observed in the unstable steady-state region and
under what coupling conditions periodic solutions could arise. In particular, we were interested in the region around
the reference parameter set, as an oscillatory dynamics for H and D has been already reported for this parameter
set. We systematically analyzed the system dynamic in the interval between 1.05 h and 2.05 h for 792 and between
0.6 FC and 1.04 FC for k7, thereby including the reference parameter values (Figure @ Supplementary Figure [4)).
Note that the interval for the total coupling delay was varied between 1.4 h and 2.4 h, since 72; = 0.35 h in the
reference set. Please refer to Figure [4] for stability analysis with respect to the total coupling delay and intercellular
coupling strength.

In the analyzed two-dimensional parameter space of 755 and k7, the unstable steady-state region is separated
from the stable steady-state region by bifurcation lines: as the imaginary part of the eigenvalues with highest real
part are non-zero, these are Hopf bifurcations. The unstable steady-state region itself is divided in three subregions,
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Fig. 4 Combined impact of the total coupling delay 721 + 722 and the parameter ki,...,k7, 7 on the
steady state stability. Shown are stability maps as a function of parameters kq, ..., k7 or 71 and total coupling
delay 721 + T22. (a) An increase in ki, k4 or 71 leads to unstable steady states, (b) while an increase in ko, kg
or k7 leads to stable steady states. The boundary between the stable and unstable steady-state regions shows a
wave-like pattern along the axis of the total coupling delay. (¢) For k3, an increase leads first to unstable, then to
stable steady state. A complex stability pattern is observed for the combination of ks and 791 + 799 with islands
of unstable steady states for lower values of 791 + 709. For higher values of 791 + 792, an increase in parameter ks
can lead first to unstable, then back to stable steady state, similarly to k3. The kinetic parameters k1, ..., k; were
varied individually from 0.1 FC to 4 FC, and 71 was varied between 0 and 2 h. The total coupling delay (721 + T22)
was varied in the range from 0 to 20 hours including the reference value 1.65 h.
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Fig. 5 Dependence of oscillatory dynamics on the DIl1 transcriptional delay at reference versus
increased Hesl transcriptional delay. It was predicted that the oscillatory dynamics of wild-type conditions
(reference parameter set) vanishes if the DII1 transcriptional delay (721) is prolonged by 0.1 h (Zhang et al. [2021)
(lower left and right panels). For an increase in the Hesl transcriptional delay (increasing 71 and 722 by 0.1 h),
oscillations can be observed (upper left panel). We here predict that an additional increase of the D11 transcriptional
delay (721) by 0.1 h in this case does not abolish oscillations (upper right panel outlined by a blue box). Reference
parameter values are shown by .


https://doi.org/10.64898/2026.07.29.741250
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.64898/2026.07.29.741250; this version posted July 30, 2026. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under a CC-BY 4.0 International license.

1.05
1
0.95 ©
O O 000
0.9 N :
~0.85
ks
O 0.8
l =
0.751- WO 0 <A
N\ AL /‘ & f
T T O
0.7 ) B ‘Y\L/\)“{,/‘/—\\, v\) | 3
0.65 , X T
0.6 08 00 @ ) O OO T TOO00O0 O SO
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
oo (h)

Fig. 6 Identification of subregions with oscillatory and non-oscillatory dynamics for different values
of intercellular coupling delay and strength. Subregions are identified based on the number of eigenvalues
with positive real parts: zero (gray), two (red and blue) or four (purple). Two bifurcation curves (shown in red and
blue) separate the subregions and intersect at the codimension-2 double Hopf bifurcation point. The gray subregion
refers to a stable steady state, while the other three subregions refer to out-of-phase (red), in-phase (blue) and
coexisting in-phase and out-of-phase periodic orbits (purple) around an unstable steady state. The area of the
circles is proportional to the amplitude of H at the periodic orbits. Point of reference (722 = 1.3 h, FC of ky = 1)
is marked by a star. The triangle marks the parameter pair (k7, 722), for which two simulations leading to in-phase
and out-of-phase oscillations are shown in Figure E

colored in red, blue and purple in Figure[6] In the red and blue regions, there are two eigenvalues with positive real
part, while in the purple region, there are four of those eigenvalues. In the stable steady-state region, colored in
gray in Figure[6] there is no eigenvalue with positive real part. The regions of stable and unstable steady states are
separated by two bifurcation lines intersecting at the codimension-2 Hopf-Hopf (or double Hopf) bifurcation point
(Kuznetsov [2004).

Within the three unstable steady-state subregions, periodic orbits were identified, using the toolbox DDE-
BIFTOOL (Engelborghs et al. Sieber et al. (see details in Section [4.2)). We characterized these periodic
orbits with respect to phase difference between the coupled cells and and with respect to the amplitude and period
of H. We found in-phase and out-of-phase periodic orbits, with phase differences of 0 and half a period between H
in the two cells, respectively. On the left side of the red curve, we observed out-of-phase periodic orbits, while on
the right side of the blue curve, we observed in-phase periodic orbits. This implies that for a specific FC value of
k7 out-of-phase and in-phase oscillations can occur for different 755 values. For example, for k7 at 0.6 FC, low 792
values lead to out-of-phase periodic orbits and high 795 values lead to in-phase periodic orbits. Interestingly, at the
middle region of 792, marked in purple in Figure [6] we found coexisting in-phase and out-of-phase periodic orbits.
Exemplary simulations starting from different initial conditions are shown at Figure [7] where 722 kept its reference
value (details in Section . We also quantified the amplitude and the period of the found periodic orbits for
the studied two-coupled-cell model (Figure [6| and Supplementary Figure @ The amplitude of H periodic orbits
(shown by the area of the circles at Figure is very small close to Hopf bifurcation points, but increases with
increasing distance from the bifurcation line. This opens the possibility that coexisting in-phase and out-out-phase
periodic orbits have similar or different amplitudes, depending on the parameter set and their distances from the
bifurcation lines. The oscillation period is almost constant at 2 h in the analyzed region, for both, the in-phase and
out-of-phase periodic orbits (Supplementary Figure E[)
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Fig. 7 Coexisting (a) out-of-phase and (b) in-phase oscillations. The simulations show different trajectories
for different initial conditions but same parameterization: k7 = 0.6 FC and 192 = 1.3 h. Remaining parameters
were set to the reference values.
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3 Discussion

Following a muscle injury, proliferation and differentiation of muscle stem cells must be balanced to ensure
optimal tissue regeneration. The corresponding cell fate decisions depend on the dynamics of MyoD, which in turn
is controlled by a Hesl regulatory network including intercellular coupling processes. Using a model of two coupled
cells (Zhang et al. [2021)), we investigated the influence of the parameters of Hesl-related processes and intercellular
coupling on signal dynamics.

Stability analysis of the model showed that all kinetic parameters, including those involved in syntheses, degra-
dations and intracellular regulations, impact the dynamical behavior of the coupled-cell model. For a specific
parameter range around the reference parameter set, we could confirm the described effect that variations of the
coupling delay can shift the system dynamics from oscillatory to sustained and vice versa (Momiji et al. |2009;
Shimojo et al.|2016; Yoshioka-Kobayashi et al. |2020; Zhang et al.|2021). However, outside of this parameter range,
variations of the coupling delay are insufficient to change the stability of the steady state. Of note, even relatively
small and biologically plausible changes in parameters can drive the system out of the delay-sensitive region, e.g.
by a fold change of 1.2 in the synthesis rates ki or k4, or the degradation rate kg. However, since the effect of the
coupling delay on the system dynamics has been observed experimentally, our finding implies a fine-tuned inter-
play of cellular and intercellular processes in wild type cells that allow for correct systems dynamics and resulting
cell-fate decisions. In our study, the parameter ks, characterizing the inhibitory regulation of Hesl on DII1 within
a cell, displayed the broadest range of the parameter fold change in which the stability of the steady state was
sensitive for the total coupling delay. The relevance of the sensitivity of the system dynamics towards the coupling
delay is demonstrated by investigating a double mutant effect. Model simulations predict that the experimentally
and computationally well-characterized amplitude death observed for a prolonged DIl transcriptional delay (721
+ 0.1 h) in muscle stem cells (Zhang et al. 2021)) can be recovered by a prolongation of the Hesl transcriptional
delay (11 + 0.1 h and 792 + 0.1 h). Our results show that the reported sensitivity of cell fate decisions towards
delay in transcription of DII1 and the total coupling delay could be restricted to a rather small range of the overall
parameter space. The demonstrated impact of multiple cellular processes on the dynamics shows the sensitivity of
the system towards all rates of the network and might be explored in the future to see how alterations of other
processes, e.g. by pharmacological interventions, might perturb the dynamics involved in muscle stem cell function
and muscle regeneration (Deprez et al. [2023)).

The stability analysis showed that the delays 7o; (DII1 transcriptional delay) and 7o2 (intercellular coupling
delay) had a similar effect on the steady state stability and can be lumped to a total coupling delay (121 + T22).
Continuously increasing or decreasing this coupling delay leads to repetitive switching between stable and unstable
steady states, a phenomenon that has also been observed in a related two-cell model (Momiji et al. 2009) and other
systems, e.g. a damped oscillator with delayed friction or delayed restoring force (Cooke et al. [1982) or two simple
oscillators coupled with delay (Ramana Reddy et al. |1998).

To further investigate the impact of the intercellular coupling strength (1/k7) and delay (792), we performed
bifurcation analyses of the system around the reference parameter set, thereby identifying a double Hopf bifurcation
point at the intersections of two bifurcation curves. Such double Hopf bifurcation point has been already reported
for other systems (Li et al. 2012; Song et al. 2022)).

Each of the two bifurcation curves is associated with the amplitude death of one of the stable periodic orbits
for Hesl in the coupled cells, although with different phase shifts. Hence, the two bifurcation curves separate the
parameter space into four subregions near the double Hopf bifurcation point, in which the system dynamics differs
significantly. Only in one subregion the steady state is stable. In two of the subregions, the Hesl concentration
of the coupled cells oscillates either exclusively in-phase or exclusively out-of-phase, similar to reports from other
studies (Shimojo et al.[2016; Yoshioka-Kobayashi et al.[2020; Zhang et al.[2021; Kageyama et al.|2023). However, in
one subregion we observed the coexistence between stable in-phase and out-of-phase oscillations. In that subregion,
the system can reach one of the coexisting periodic orbits depending on the initial condition. The amplitudes of
coexisting in-phase and out-of-phase periodic orbits are either very similar or different, depending on the distance to
the corresponding bifurcation curve, and therefore on the specific values of the intercellular coupling and strength.
However, the oscillatory periods were found to be very similar and rather independent of the intercellular coupling
strength and delay, so they are mainly determined by intracellular regulatory mechanisms. The possible coexistence
of in-phase and out-of-phase oscillations indicates, that coupled Hes oscillators do not always have to follow a strict
phase-relation. Such multi-rhythmicity has been observed for other biological oscillators, as reviewed in (Goldbeter
et al. [2022; Tyson et al. [2022). It remains to be explored in how far this occurrence of bistability, described before
in a more general form (Reddy et al. |2000; Pfeuty |2022)), can contribute to the observed microclusters of coupled
cells that are characterized by synchrony in otherwise out-of-phase oscillating cell populations (Biga et al. 2021}
Hawley et al. 2022).
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Our focus on the model of two interacting and identical cells allowed the systematic analyses of all parameter
effects on the dynamics of the Hesl. Extending this investigation to models of larger and more heterogeneous cell
populations for muscle stem cells remains an open task. However, earlier studies in other cell lines demonstrated,
that results established in 2-coupled-cell models are predictive also for larger cell populations (Shimojo et al. 2016;
Yoshioka-Kobayashi et al.|[2020; Kageyama et al.[2023), and additional modes of dynamical behavior can arise from
inclusion of heterogeneity of cells or their coupling mechanisms (Dey et al. [2021; Hawley et al.|2022} Ho et al. 2024).

4 Methods

4.1 Model simulations

A built-in MATLAB function, dde23, was used to integrate the delay differential equation system that approx-
imates the solution numerically. As delay differential equations require the history of the solution until the highest
time delay in the past as initial condition, the history of the solution was set to constant, more specifically to
non-negative and real values, as H and D refer to protein concentrations.

4.2 Local stability analysis and periodic orbit identification

For both, assessing the local stability for the steady state and identification of periodic orbits around an unstable
steady state, the MATLAB toolbox DDE-BIFTOOL (Engelborghs et al. [2001} Sieber et al.|2014) was used.

The steady state was numerically estimated for a defined parameter set and its stability was determined based
on the eigenvalues of the characteristic equation. The eigenvalues are approximated using a numerical, linear multi-
step method. After calculating the initial steady state and its corresponding eigenvalues for a defined parameter
set, a branch of steady states was calculated by varying a parameter of interest in a defined interval. Along these
parameter sets, branches of respective eigenvalues were computed. Although for DDEs, the set A = {\ : A\ € C}, the
number of eigenvalues corresponding to a steady state at a defined parameter set, is infinite, the set S = {Re()) :
Re(A) > 0,A € A}, the number of eigenvalues in any right half plane, is not, therefore, the stability is always
determined by a finite number of eigenvalues (Sieber et al. |2014)). Knowing the eigenvalues with the highest real
part for a given steady state at a defined parameter set, let us determine its stability. If S = §), i.e. there exists no
eigenvalue with positive real part, the steady state is stable and vice versa if S # (3, i.e. there exists minimum one
eigenvalue with positive real part, the steady state is unstable. Note that if an eigenvalue crosses the imaginary
axes, it refers to a bifurcation point. If the max({Re(\) : A € A}) = 0 and the corresponding imaginary part of this
eigenvalue is non-zero, Im(\) # 0, it is called Hopf bifurcation point.

From a bifurcation point, where an eigenvalue crosses the imaginary axes at a non-zero imaginary part, a branch
of periodic solutions can emanate. After finding the bifurcation point at a given parameter set, along an interval of
a chosen parameter, a branch of periodic orbits was identified. For the found periodic orbits, the phase difference
between variables, the amplitude and the period were quantified. The phase difference between the coupled cells and
the amplitude with respect to the intercellular coupling are shown in Figure 6] where the MATLAB built-in scatter
function was used to visualize the periodic orbit with circle: its color refers to in-phase or out-of-phase periodic
orbit and its area is proportional to the oscillatory amplitude of H. The period with respect to the intercellular
coupling is presented at Supplementary Figure [4

4.3 Characteristic equation of the linearized DDE model

Numerical calculation showed that changes in the sum of the delays 751 and 795 can change the stability of the
steady state. However, concurrent changes of 751 and 795 that do not change the sum left the stability of the steady
state unchanged. This dependency of the stability of a steady state on kinetic parameters can be shown using the
characteristic equation of the linearized system.

The characteristic equation of a general linearized system of DDEs

d%t):f(:c(t—To),...,a:(t—Tmfl)ak) )

with m constant delays and 79 = 0 is given by
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in which the matrix A € R™*™ with respect to the eigenvalue ) is defined as

m—1
A e M-\ T (7)
=0

with I € R™*™ being the identity matrix and A; € R™*™ for ¢ € {0,--- ,m — 1} being the delay-depending
Jacobian matrix defined as

of1 of1
Oz (t—75) Ozp (t—74)
T=Lss T=ss
Al = ) (8)
__Ofn __Ofn
Ox1(t—T7;) Oy (t—T4)
T=Tgg L=Tss

where @, is the steady state, for which f(xss) = 0 (Sieber et al. |[2014]).
For the investigated two-coupled-cell model (Zhang et al. [2021), the Jacobian matrices A; € R*** for i €
{0, 1,21, 22} with the individual delays 79, 71, 721 and Ta2, respectively, are

[—ks 0O 0 0
|10 —ke O 0
Ao=| g 0 —ks 0 |’ )
| 0 0 0 —kg
M —2-k1-k3 Higs-Dass
R 0 0
0 0 0
Al - 0 0 —2 k1'k§‘H2» Dl‘s‘s O ’ (10)
kr (k3 +H3,,)?
L 0 0 0 0
i 0 0 0 0
—2-ky k2 Higs
e LE | 0 0
_ | (k3+HZ,)?
—2-kg-k2 Haos
L0 0 Geemzye O
r Ky k2
0 O 0 k7- (k 1-"_‘[2_1155
0 0 0
A22 = k k2 (12)
0 gz O
kz-(k3+H3,,)
LO 0 0
Substituting Egs. [{I2] into the characteristic equation [6] we obtain the characteristic equation as
Ay - Aoz Agz - Agg— A1y - Aoy - Azp - Ay3 =0, (13)

where the matrix elements A;; for i,j € {1,---,4} are given by
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2'k;l 'kg'Hlss'DQSS

A1 =A+Ek LeTAT 14
" T k7(k%+H1255)2 ‘ , ( )
Aoy = A+ ke, (15)
2. kl : k% : HQSS : Dlss —\-
Ags = A+ ks + LT 16
2 ° k7 : (k% + H2233)2 ( )
Ay = A+ ke, (17)
kl * k% —\-
Aq, — . T22 18
H kz - (k% + H1253) ‘ 7 ( )
2'k4'k§‘Hlss —A\-
Ay — —— 4N " Hlss 21 19
SR N 19)
kl * k% A\
Aao — . T22 20
* kz - (k% + HQQSS) ‘ 7 ( )
2-ky-kZ- Hogyq
Ay = _2-ka ks Hass e~ A T2, (21)

(k3 + H3,,)?

Substituting Eqgs. [14{21]into Eq. and rearranging the resulting characteristic equation with respect to terms
that are dependent or independent of the delay parameters 71, 721 and 792, we obtain the characteristic equation as

Cko()\) + al()\) . e—/\-n 4 CEQ()\) . €—2~)\-7'1 + as - 6—2-/\-(T21+7'22) =0, (22)

where the left-hand side of the equation is the sum of 7-dependent exponential functions with 7-independent
coefficients «y, ..., as. The coefficients ayg, ..., as € C might depend additionally to A on the steady state and the
parameters. For a3 € R it holds that az < 0.

From Eq. it can be clearly seen that the delay parameters 751 and 752 only contribute through their sum to
the characteristic equation, as observed at the studied parameter space for the identified steady state through the
numerical estimation of eigenvalues.
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