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1 Supplementary Text

Mathematical model

The mathematical model comprises several scales ranging from single receptors and ion channels to whole
cell electrophysiology. The cell volume is described by a domain Ω ⊂ R3 and the plasma membrane,
meaning its boundary, by Γ. The dynamics of the cytosolic Ca2+ concentration, c, comprise plasma
membrane transport, release and uptake by the SR and binding to buffers. Plasma membrane transport
is carried by the voltage controlled ion channels and the NCX. The T-tubule network is an interface to
the extracellular fluid in the bulk of the cytosol enabling membrane molecules like the NCX to contribute
to bulk concentration dynamics (JNaCa, see Eq (S1)). The term Jpump describes the pumping of Ca2+ by
SERCAs into the SR. The Ca2+-binding molecules (bj , j = s,m, f ) in the cytosol include stationary (s),

mobile (m) and fluorescent (f) Ca2+ buffers. The total concentration bjtot is conserved for each of the
buffers. The reaction terms Rj(c, bj) describe buffering in the dynamics of cytosolic Ca2+. The partial
differential equations for the cytosolic species are

∂c

∂t
= ∇ · (Dc∇c) + Jcru + Jvol

NCX + Jleak − Jpump −
∑

j=m,s,f

Rj(c, bj) in Ω× [0, T ], (S1)

∂bj
∂t

= ∇ · (Dj
b∇bj) +Rj(c, bj), j = s,m, f in Ω× [0, T ], (S2)

where D and Dj
b are diagonal diffusion matrices. In the current implementation, isotropic diffusion is

assumed. The expressions for the fluxes are

Jcru =

Ncru∑
i=1

Θ(Ricru − |r− ri|)J ic(c, Vm, t), (S3)

Jleak = Vl(csr − c), (S4)

Jpump = V max
p

c

Kp + c

csr,0
csr

, (S5)

Rj(c, bs, r) = k+
j (btot

m − bm)c− k−mbm, (S6)
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where Θ(x) is the Heaviside step function, k+
j and k−j are the binding and dissociation rates for the buffer

j (for j = m, s, f). Ca2+ influx through LCC (ILCC) and release through RyR (IRyR) channels occur
mainly in dyadic clefts (Jcru). The dependence on time of Jcru is caused by their stochastic behavior.

The space inside CRUs is described as a flat cylinder in the detailed CRU model. The interface
between dyadic space and cytosol through which Ca2+ leaves the CRU is a band twisted in 3 dimensions
since the jSR wraps around T-tubules. Since we cannot represent the shape of this interface for each
CRU on the level of the PDEs, its geometry is approximated as spherical source volume centered at ri
with radius Ricru and random flux J ic(c(ri), Vm, t). The flux J ic(c, Vm, t) is the sum of all single channel

LCC- and RyR-currents in the ith CRU divided by 4
3π
(
Ricru

)3
.

The boundary conditions for the above PDEs are given by the plasma membrane Ca2+-currents

n ·Dc∇c = JpmNCX on Γ× [0, T ], (S7)

n ·Dbj∇bj = 0 on Γ× [0, T ], (S8)

where JpmNCX is the plasma membrane part of the NCX flux. Ca2+ is released into dyadic clefts from
specialized parts of the sarcoplasmic reticulum called junctional sarcoplasmic reticulum (jSR). The jSR
of the individual CRUs are coupled to the network SR by a diffusional flux

Jjsr =

Nc∑
i=1

Θ(Rijsr − |r− ri|)Irefill,i

4
3π
(
Rijsr

)3 . (S9)

Irefill,i denotes the current from the network SR to the ith jSR. The radius of the sink volume in the
lumen of the SR is Rijsr. This flux and a stationary buffer contribute to SR Ca2+ concentration dynamics

∂csr
∂t

= ∇ · (Dsr∇csr)− Jjsr +
νsr

νcyt
(Jpump − Jleak) in Ω× [0, T ]. (S10)

Dsr is the diffusion coefficient for the SR Ca2+ concentration. The bi-domain approximation for cytosol
and SR is used [12]. In this concept both compartments occupy the same volume continuously with
volume ratio νsr/νcyt. A zero-flux Neumann boundary condition for the SR Ca2+ is imposed on the
domain boundary.

The RyR state transitions are determined according to a fixed closing rate, kclose, and an opening
rate given by

kopen = kplusφc
η
di, with φ = φb +

(
cjsr
φk

)4

. (S11)

The number of RyRs N i
RyR in the ith CRU is drawn from the distribution P (N)

P (N) =

{
1
NN

e
− N

NRyR , 8 ≤ N ≤ 80

0, otherwise
. (S12)

NN normalizes the distribution. The upper cutoff was chosen because the size distribution measured in
ref [11] has well declined at this value and channel numbers larger than 80 lead in combination with the
placement algorithm to large CRUs, larger than a typical CRU-CRU-distance.

We use previously developed CRU model [16], which has a spatially resolved description of the dyadic
cleft channel placement and representation of the jSR. The dyadic cleft is assumed to be a cylinder with
a height of 15 nm, where the RyRs at the jSR membrane are co-localized to the LCCs at the T-tubule
membrane. The behaviour of the CRU is mainly governed by three different dynamics: the gating of the
main Ca2+ -channels (LCCs and RyRs), the Ca2+-profile within the dyadic cleft and the Ca2+-dynamics
of the jSR.

The Ca2+ concentration in the cleft (cdi) is modeled by a partial differential equation in cylindrical
coordinates [4, 15, 16, 19]

∂cdi

∂t
=

Ni
LCC∑
k=1

IkLCCδ(r− rk) +

Ni
RyR∑
k=1

IkRyRδ(r− rk) +Dc∆r,ϕcdi(r)− ∂

∂z
Jz. (S13)
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The electro-diffusive flux resulting from membrane surface charges is Jz and takes the buffering effect of
membranes into account.

The Ca2+ concentration is computed from a quasi-steady state approximation for this equation. It is
quasi-steady since changes of the jSR-concentration affecting RyR currents and the boundary conditions
at the rim of the cleft are taken into account [4]. The stationary solution for given boundary conditions
and jSR concentration is

cdi(r) = Z(zi)cbulk +

Ni
LCC∑
k=1

IkLCCη(rk, r) +

Ni
RyR∑
j=1

IjRyRη(rj , r). (S14)

with

η(ri, r) =
Z(z)

βdh∗Dc
G((r, φ), (ρi, φi)), (S15)

where Z(z) = exp(−2φ0 exp(−κz)) describes the gradient resulting from electrodiffusion [4, 15, 16, 19],

h∗ =
∫ h

0
dzZ(z) and βd is a constant buffering factor. The boundary conditions are determined by the

bulk Ca2+ concentration averaged over the boundary of the dyadic space. G((r, φ), (ρi, φi)) is Green’s
function. Since the RyR- and LCC-currents depend on the local Ca2+ concentration at the channel
mouths, we cannot use a superposition of single channel Green’s functions but Eq. S14 defines a system
of linear algebraic equations realizing the coupling of currents by dyadic diffusion and providing the local
concentration values [4, 15, 16, 19].

We do not know any experimental results on the correlation between RyR number and the size of the
dyadic space. Hence, we made the assumption that the radius of the dyadic space is such that the RyR
cluster determined from the placement model can be accommodated with a minimum distance between
any RyR and the cleft boundary of 60 nm.

The RyR-currents are proportional to the concentration difference cjsr,i − cdi [4, 15, 16, 19]. The
concentration of cjsr,i in the ith jSR obeys an ordinary differential equation [4, 19]:

dcjsr,i
dt

=
1

βjsrνjsr,i

Irefill −
Ni

RyR∑
j=1

IjRyR

 (S16)

Irefill =
S(ri)− cjsr,i

τrefill
νjsr,i (S17)

βjsr = 1 +
nKcsqnBcsqn

(Kcsqn + cjsr,i)2
. (S18)

Details are explained in ref. [4]. Irefill is the diffusive current from the network SR. The factor βjsr

describes buffering by Calsequestrin.
The electrophysiology is based on Mahajan et al. [14] and was adapted to the above CRU modelling

concept. The dynamics of the membrane potential Vm is given by:

dVm
dt

= −(Iion + Istim). (S19)

Here, Istim is the current to depolarize the cell. The ion current is given by

IIon = INa + Ito,f + Ito,s + IKr + IKs + IK1 + INaK + ICaL + INCX, (S20)

where INa is the fast Na+ current, Ito,f is the fast and Ito,s the slow component of the rapid outward
K+ current, IKr is the rapid delayed rectifier current, IKs is the slow delayed rectifier current, IK1 is the
inward rectifier current, and INaK is the Na+/K+-pump current.

The LCC current is denoted by ICaL (mV/ms), which is the sum of all LC channel currents over all
CRUs in the model. The NCX current INCX (mV/ms), is the integral of the local flux JNCX over the
simulation domain and its boundary.
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Numerical methods

Due to the presence of multiple scales in space and time, the stochasticity of CRU behaviour and the
coupling of partial differential equations (PDEs) for concentrations and ordinary differential equations
(ODEs) for the membrane potential the model exhibits some challenges with respect to numerical meth-
ods. Therefore, we dedicated previous studies to develop numerical methods living up to these require-
ments [19, 4]. In particular the recent study [4] published in the applied mathematics journal SIAM
Multiscale Modelling & Simulations describes the methods used in this study and explains and motivates
all the numerical methods in detail. Here, we provide a short overview only.

For the vast majority of complex geometries and model problems, the PDEs cannot be solved with
analytical methods. Instead, an approximation of the equations can be constructed, typically based upon
different types of numerical methods. We use the Finite Element Method (FEM), which is arguably
the most powerful method known for the numerical solution of boundary- and initial-value problems
characterized by partial differential equations. The spatial discretization of the given PDEs by the finite
element method leads to a system of ODEs for transient problems. To solve such ODEs, we use an adaptive
higher order Runge-Kutta time-stepping scheme, specifically the ROWDA3 [13] method. At each time
step of the ROWDA3 method, the discretized model equations lead to a set of algebraic equations which
are solved by a biconjugate gradient stabilized method (BiCGSTAB) [18] with ILU preconditioner.

We use the forward Euler method for the membrane potential dynamics and Rush-Larsen time step
integrator for the gating and concentration equations. Our numerical schemes are implemented in C++
and were developed based on the public domain FEM package DUNE [1] and Dune-PDELab [2], which
allows for highly parallelized computations. Computations were performed on the high performance
compute cluster at the Max Delbrück Center for Molecular Medicine in Berlin as well as at the Max
Planck Institute for Dynamics and Self-Organization in Göttingen. AP simulations were performed on 4
InfiniBand or OmniPath nodes with 16 cores each, where each simulation takes about 30 h to simulate
15 APs. Spark simulations were performed on 8 InfiniBand or OmniPath nodes, where each simulation
took about 36 h.

Error estimates for polynomial chaos expansion

The least-square fit error determines the regression error of the whole data set, the cross-validation error
describes over-fitting by splitting the data set into training- and test-data. Here we used a k-fold method
with (k=10) for cross validation [10]. Let I be an index subset of {1, . . . , N}, where N is number of data
points. The R2-score is defined as

R2 = 1−
∑
i∈I(Yi − Ŷi)2∑
i∈I(Yi − Ȳ )2

. (S21)

Here, Yi denotes the actual biomarker output from the simulations, Ŷi the value from the polynomial
regression and Ȳ is the mean value of the data points in the data set. The coefficient of determination
is calculated from the R2-score for the whole data set, meaning I ≡ {1, . . . , N}. In case of the cross-
validation coefficient, we calculated the average of the R2-score from the test-sets, which arises from the
splitting of the data-set by the k-fold method.

We furthermore penalized the number of coefficients by employing the commonly used LASSO (least
absolute shrinkage and selection operator) method using a python library for machine learning called
scikit-learn We determined the polynomial degree as well as the penalty parameter for the lasso
method, which result in minimal cross-validation error for each biomarker. In Figure S2, the coefficient
of determination, cross-validation coefficient and the mean absolute percentage error (MAPE) are shown
for APD90. The MAPE is defined as

MAPE =
100%

n

n∑
i=1

∣∣∣∣∣Yi − ŶiYi

∣∣∣∣∣ . (S22)

Note the MAPE comprises uncertainty in the model output and regression error. Since the model is
stochastic, the output cannot be predicted with absolute certainty and, therefore, the MAPE is not
converging to zero even if the mean is described well by the polynomial regression.
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2 Supplementary Tables

Table S1: Literature biomarker ranges for Ca2+ transients and action potentials. Note that for the values
from [9], the standard deviation was calculated from the standard error by σ =

√
nσ̂. See also Fig. S6.

target values (literature) description
Biomarker (AP)
max Vm 46 ± 4.5 mV [9] maximal value of action

potential peaks
resting Vm −82.7 ± 1.4 mv [9], ≈ −85mV [14], -

81.3 ± 3.9 mV [6]
resting value of the action
potential

amplitude (Vm) 127 ± 2.0 mV [9] difference of resting poten-
tial and max Vm

amplitude (dome) 96.5 ± 9.3 mV [6] difference of resting poten-
tial and dome Vm

dome Vm 15.2 ± 10.1 mV [6] peak in the plateau phase
dVm/dt 395 ± 47 V/s [9] maximum rate of rise of

the action potential
APD50 104 ms - 117 ms (at 400 ms PCL) [7] action potential duration

at 50%
APD90 142 ms - 188 ms (at 400 ms PCL) [7] action potential duration

at 90%
systolic [Ca2+] 0.8 µM - 1.5 µM (at 400 ms PCL) peak systolic calcium
diastolic [Ca2+] 0.15 µM - 0.3 µM (at 400 ms PCL) diastolic calcium
[Na+]i 10.5 mM - 11.5 mM (at 350 ms PCL)

[14]
intracellular sodium

Biomarker (Spark)

FDHM 8.4 ± 0.5 ms [8] ,≈ 15 ms [17], ≈ 30 ms
[5]

full duration at half maxi-
mum of a spark

peak [Ca2+]exp
i ≈ 1 µM [5] peak of experimental

Ca2+ concentration in-
ferred from fluo4 during a
spark

peak [Ca2+]i ≈ 10 µM [20] underlying local peak
Ca2+ concentration

spark rate 1 s-1µm-1 [5] number of spark per sec-
tion cell (in µm, longitu-
dinal direction) and time
(in seconds)
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Table S2: Dyadic cleft parameters.

Parameter Meaning Value
NRyR distribution parameter for RyRs

per dyadic cleft
20

NLCC average number of LCCs per
dyadic cleft

4

rRyR,LCC ratio of RyRs and LCCs 5
kplus rate constant determining the

RyR opening rate
varies

kclose closing rate (RyRs) varies
φk [Ca2+]jsr- dependent regulation

affinity
1.59 mM

φb [Ca2+]jsr- dependent regulation
minimum

0.8025

η cdi sensitivity Hill Coefficient 2.1
µRyR step length distribution parame-

ter for average of RyR placement
40.1 nm

σRyR step length distribution parame-
ter for standard deviation of RyR
placement

7.4 nm

rmin minimum distance for placement 30 nm
rchb minimum RyR distance to cleft

boundary
60 nm

gRyR RyR permeability varies

Table S3: Exchanger and uptake parameters.

Parameter Meaning Value
gNaCa strength of Na+/Ca2+-

exchanger
1.8 µM s-1

fNaCa,high maximal factor for gNaCa at
dyadic cleft centers

72.0

fNaCa,low minimal factor for gNaCa distant
to dyadic clefts

0.66

fNaCa,surf minimal factor for gNaCa at cell
surface

0.5

VP,max maximal rate of SERCA uptake varies
KP SERCA uptake threshold 0.4 µM
ksat constant 0.2
ξ constant 0.35
Km,Nai constant 12.3 mM
Km,Na0 constant 87.5 mM
Km,Cai constant 3.6 × 10-3

Km,Cao constant 1.3 mM
cnaca constant 0.3 µM
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Table S4: Constants involved in computing transition rates for LCC channels.

Parameter Meaning Value
s′1 voltage-inactivation rate 0.00195 ms-1

r2 closing rate 3.0 ms-1

k0
p half-rate Ca2+ binding constant 180.0 µM
τpo average closed time 1.0 ms
r1 uninhibited open rate 0.3 ms
k′1 voltage-inhibition rate 0.00413 ms-1

TBa fitting parameter 450.0 ms
k2 Ca2+ unbinding rate (LCCs) 1.03615 × 10-4 ms-1

k′2 voltage-Inhibition resolution rate 2.24 × 10-4 ms-1

c̄p half-rate constant for deep Ca2+

inhibition
60.0 µM

gLCC LCC permeability varies

Table S5: Constants relevant to diffusion model inside the dyadic space.

Parameter Meaning Value
φ0 dimensionless constant -2.2
κ inverse of the Debye length 1 nm-1

Dc diffusion constant for Ca2+ in
the dyadic space

0.1 µm2ms-1

h height of the dyadic space cylin-
der

15 nm

R radius of the dyadic space cylin-
der

varies

RB universal gas constant 8.31 kJ(K mol)−1

T temperature of the cell 308 K
βd buffering factor 2

Table S6: Constants and parameters involved in modelling the Ca2+ dynamics in the jSR.

Parameter Meaning Value
Bcsqn total calsequestrin concentration 800 µM
n number of calsequestrin binding sites 15
Kcsqn dissociation constant of calsequestrin 600 µM
νjSR volume of the jSR varies
τrefill refill flux time constant 0.5 ms
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Table S7: Buffering and diffusion parameters.

Parameter Description Value
btotm total concentration of calmodulin 25.0 µM

(mobile buffer)
btots total concentration of troponin C 70.0 µM

(stationary buffer)
Btotsr total concentration of jSR buffer 1500.0 µM
btotF luo−4 total concentration of Fluo-4 25.0 µM

Dc diffusion constant of cytosolic Ca2+ 0.22 µm2

ms

Dbm diffusion constant of calmodulin 0.04 µm2

ms

Dbs diffusion constant of troponin C 0 µm2

ms

Dbf diffusion constant of Fluo-4 0.033 µm2

ms

DS diffusion constant of sarcoplasmic Ca2+ 0.2 µm2

ms
k+
s on rate for troponin C binding 0.043 µM−1 ms−1

k−s off rate for troponin C binding 0.026 ms−1

k+
m on rate for calmodulin binding 0.023 µM−1 ms−1

k−m off rate for calmodulin binding 0.238 ms−1

νsr/νcell ratio of SR to cell volume 0.08
νjsr/νcell ratio of jSR to cell volume 0.005
νcyt/νcell ratio of cytosolic volume to cell volume 0.915

Table S8: Initial Values.

Parameter Description Value
c free cytoplasmic Ca2+ concentration 0.1 µM

bx buffered cytosolic Ca2+ (for x = m, s, f)
btotx ·c

k+x /k
−
x +c

S free sarcoplasmic Ca2+ concentration 1200 µM

Table S9: Ionic current conductances.

Parameter Meaning Value
gNa peak INa conductance 12.0 mS/µmF
gto,f peak Ito,f conductance 0.11 mS/µmF
gto,s peak Ito,s conductance 0.04 mS/µmF
gK1 peak IK1 conductance 0.3 mS/µmF
gKr peak IKr conductance 0.0125 mS/µmF
gKs peak IKs conductance 0.1386 mS/µmF
gNaK peak IKr conductance 1.5 mS/µmF
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3 Supplementary Figures
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Figure S1: The mathematical model covers several spatial and temporal scales. On the shortest length
and time scales a quasi-steady state approximation for the dyadic concentration profiles and a Markov
model for the individual channels is employed to model Ca2+ dynamics on the spatial and temporal scales
in the dyadic cleft. The PDE module links the whole cell electrophysiology to the signalling in the local
CRU micro-domain.

0 1 2 3 4
polynomial degree

10

15

20

25

30

in
 p

er
ce

nt
 (%

)

MAPE

0 1 2 3 4
polynomial degree

0.0

0.2

0.4

0.6

0.8

1.0

coefficient of determination
cross validation coefficient

Figure S2: The mean absolute percentage error (MAPE), the coefficient of determination and the cross
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Figure S4: Comparison of experimental Ca2+ inferred from the buffer and the underlying simulated Ca2+.
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convex hull

RyR

Figure S5: Left panel: We determine the area per channel using the concept of convex hull [3].
The hull wraps around the channels of a cluster like a police line around a group of tress does.
The line goes through the center point of channels. The area per channel is determined as the
area inside the convex hull divided by the number of channels. Note, channels on the hull con-
tribute less to the area than inner channels. Hence, the channel per area is smaller than the
square of the channel distance in a regular quadratic configuration of channels. Specifically we used
https://docs.scipy.org/doc/scipy/reference/generated/scipy.spatial.ConvexHull.html. Right panel: A cir-
cular area of influence (green) is appointed to each channel. We denote the sum of the areas of influence
of all channels with Σ and the sum of all overlap areas with Ω. The mean occupancy is defined as 1-
Ω/Σ [3]. Mean occupancy is small, if channels are close to each other and the overlap is large. The
regular placement has smaller mean occupancy (≈ 0.36) than the placement according to Jayasinghe et
al. (mean occupancy ≈ 0.49) with measured parameters from [11].
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Figure S6: Action potential (AP) characterization.

14

https://docs.scipy.org/doc/scipy/reference/generated/scipy.spatial.ConvexHull.html


0

2

4

x 
[

m
]

0

2

4

x 
[

m
]

1385 1390 1395 1400 1405 1410
t [ms]

0

2

4

x 
[

m
]

0.25

0.60

[C
a2+

]ex
p

i
 [

M
]

0.0

1.5

3.0

(F
F 0

)/F
0

8

20
[C

a2+
] i 

[
M

]

Figure S7: Example linescans of a spark in a 2.5µm surrounding of a CRU. Shown are the concentrations
of Fluo-4 bound Ca2+ and cytosolic Ca2+ in the upper and lower panel respectively and the values of
∆F/F0 in the center one. The considered cleft has a total number of 10 RyRs, a radius of 185.9 nm and
the spark a FDHM of 7.2 ms.
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